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Abstract 

We suggest an extension of the gauge principle which includes tensor gauge fields. The 
extended non-Abelian gauge transformations of the tensor gauge fields form a new large 
group. On this group one can define field strength tensors, which are transforming homo- 
geneously with respect to the extended gauge transformations. The invariant Lagrangian 
is quadratic in the field strength tensors and describes interaction of tensor gauge fields 
of arbitrary large integer spin 1, 2, .... It does not contain higher derivatives of the tensor 
gauge fields, and all interactions take place through three- and four-particle exchanges 
with dimensionless coupling constant. In this extension of the Yang-Mills theory the 
vector gauge boson becomes a member of a bigger family of tensor gauge bosons. 

We shall present a second invariant Lagrangian which can be constructed in terms of 
the above field strength tensors. The total Lagrangian is a sum of the two Lagrangians and 
exhibits enhanced local gauge invariance with double number of gauge parameters. This 
allows to eliminate all negative norm states of the nonsymmetric second-rank tensor gauge 
field, which describes therefore three physical polarizations: two symmetric polarizations 
of helicity-two massless charged tensor gauge bosons and antisymmetric polarization of 
helicity-zero charged B field. 



1 Introduction 



It is well understood, that the concept of local gauge invariance allows to define the non- 
Abelian gauge fields, to derive their dynamical field equations and to develop a universal 
point of view on matter interactions as resulting from the exchange of gauge quanta 
of different forms [1, 2]. The fundamental forces - electromagnetic, weak and strong 
interactions - can successfully be described by the non-Abelian Yang-Mills fields. The 
vector- like gauge particles - the photon, W ± , Z and gluons - mediate interaction between 
smallest constituents of matter - leptons and quarks [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 
15, 16, 17, 18, 19, 20, 21, 22]. 

The non-Abelian local gauge invariance, which was formulated by Yang and Mills in [1], 
requires that all interactions must be invariant under independent rotations of internal 
charges at all space-time points 1 . The gauge principle allows very little arbitrariness: 
the interaction of matter fields, which carry non-commuting internal charges, and the 
nonlinear self-interaction of gauge bosons are essentially fixed by the requirement of local 
gauge invariance, very similar to the self-interaction of gravitons in general relativity. 

It is therefore appealing to extend the gauge principle, which was elevated by Yang 
and Mills to a powerful constructive principle, so that it will define the interaction of 
matter fields which carry not only non-commutative internal charges, but also arbitrary 
large spins. It seems that this will naturally lead to a theory in which fundamental forces 
will be mediated by integer-spin gauge quanta and that the Yang-Mills vector gauge boson 
will become a member of a bigger family of tensor gauge bosons. 

In the previous paper [23] we extended the gauge principle so that it enlarges the 
original algebra of the Abelian local gauge transformations found in [60, 61, 62] to a non- 
Abelian case. The extended non-Abelian gauge transformations of the tensor gauge fields 
form a new large group. On this large group one can define field strength tensors, which 
are transforming homogeneously with respect to the extended gauge transformations. The 
invariant Lagrangian is quadratic in the field strength tensors and describes interaction 
of tensor gauge fields of arbitrary large integer spin 1, 2, .... 

The purpose of the present paper is to present a second invariant Lagrangian which 
can be constructed in terms of the above field strength tensors. The total Lagrangian is 
a sum of the two Lagrangians and exhibits enhanced local gauge invariance with double 
number of gauge parameters. This allows to eliminate all negative norm states of the 
nonsymmetric second rank tensor gauge field ^ Ax^, which describes therefore three 
physical polarizations: two symmetric polarizations of helicity-two massless charged tensor 
gauge bosons and antisymmetric polarization of helicity-zero charged B field. 

The early investigation of higher-spin representations of the Poincare algebra and of 
the corresponding field equations is due to Majorana, Dirac and Wigner [30, 31, 33]. The 
theory of massive particles of higher spin was further developed by Fierz and Pauli [32] 
and Rarita and Schwinger [34]. The Lagrangian and S-matrix formulations of free field 
theory of massive and massless fields with higher spin have been completely constructed 
in [35, 36, 37, 38, 39, 40, 41, 42, 43, 44]. The problem of introducing interaction appears 
to be much more complex [45, 46, 47, 48, 49, 50, 56, 57] and met enormous difficulties for 
spin fields higher than two [51, 52, 53, 54, 55]. The first positive result in this direction 
was the light-front construction of the cubic interaction term for the massless field of 
helicity ±A in [58, 59]. 

1 The early formulation of Abelian gauge invariance of QED was in [24, 25, 26, 27, 28] (see also [29]). 
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In our approach the gauge fields are defined as rank-(s + 1) tensors 

^..jj*), s = 0,l,2,... 

and are totally symmetric with respect to the indices Ai...A s . A priory the tensor fields 
have no symmetries with respect to the first index This is an essential departure 
from the previous considerations, in which the higher-rank tensors were totally symmetric 
[32, 36, 41, 43]. The index s runs from zero to infinity. The first member of this family 
of the tensor gauge bosons is the Yang-Mills vector boson A a . 

The extended non-Abelian gauge transformations of the tensor gauge fields are defined 
by the following equations [23]: 

5A; = (5 a % + gf acb AX, (1) 
6A%, = (5 a % + gr b A^e u + gf acb A^e, 
5A% X = (5 a % + gr b A^)e uX + gf ac \Al u ex + A C X + A^ b )^ 



or in the general form by the formula 

s 

^A^ Xl Xs = (5 a dfj, + gf ac ^)£aiA 2 ...a s + 9f ac ^2 ^2 A c ^ Xi X £ x . +1 Xs , (2) 

i=l P's 

where the infinitesimal gauge parameters £ x Xs are totally symmetric rank-s tensors. 
The summation J2p> s i s over an permutations of two sets of indices Ai...Aj and A i+ i...A s 
which correspond to nonequal terms. It is obvious that this transformation preserves the 
symmetry properties of the tensor gauge field A a Xi Xs . Indeed, the first term in the r.h.s. 
is a covariant derivative of the totally symmetric rank-s tensor V^f £ AlAa Xs and every term 
J2p' s A c ^ Xl A^Ai+i x s i n the second sum is totally symmetric with respect to the indices 
AiA2-..A s by construction. The matrix form of the transformation is 

s 

^A mAi ...a s = d^ XlX2 ... Xs - ig[A^,^ Xl x 2 ...\ s ] - ig^Yl[Aij,x 1 ...x i ,Cxi+i--.x s ], (3) 

i=l P's 

where the tensor gauge fields are A ab Xi Xs = (L c ) ab A c ^ Xi Xs = if acb A c ^ Xi As , and L a are the 
generators of the semisimple Lie group G in the adjoint representation. 

These extended gauge transformations generate a closed algebraic structure. To see 
that, one should compute the commutator of two extended gauge transformations 5 V and 
5^ of parameters 77 and £. The commutator of two transformations can be expressed in 
the form [23] 

[ Sr,, ^] AiAiA2...A. = ~ *9 k A ^X 1 X 2 ...X s (4) 

and is again an extended gauge transformation with the gauge parameters {(} which are 
given by the matrix commutators 

C = fat] (5) 
Cai = + 

CvX = [V, £u\] + [Vu, 6] + [VX, tv] + \jlvXi f], 
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The generalized field strengths are defined as [23] 

G% = d.At-d^ + gf^A^Al, (6) 
Gp\ v ,x = ^n^ix ~ d^A^x + gf abc ( ^ A c vX + A h ^ x A c u ), 

C a r) A a — f) A a 4- n f abc ( A b A c 4- A b A c 4- A b A c 4- A b A c \ 

^Hv,\ P — °fJ. /i u\p °v A nXp + 91 { A p, A vXp + jxX A vp + A pp A vX + A pXp A v J> 



and transform homogeneously with respect to the extended gauge transformations (1). 
The field strength tensors are antisymmetric in their first two indices and are totaly 
symmetric with respect to the rest of the indices. By induction the entire construction 
can be generalized to include tensor fields of any rank s, and the corresponding field 
strength we shall define by the following expression: 

s 

^V/,Ai...a s = 9pA^ Xi Xs — d„A^ Xi Xs + gf a c ^ X! J ^px 1 ...x i ^lx i+1 ...x s i (?) 

i=0 P's 

where the sum J2p> s runs over all permutations of two sets of indices Ai...A, and Aj + i...A s 
which correspond to nonequal terms. All permutations of indices within two sets A1...A3 
and Aj + i...A s correspond to equal terms, because gauge fields are totally symmetric with 
respect to A1...A3 and A i+1 ...A S . Therefore there are 

s! 



i\(s-i)\ 

nonequal terms in the sum J2p< s - Thus in the sum J2p> s there is one term of the form 
Afj,A uXlX2 ^ Xs , there are s terms of the form A tlXl A uX2 ^ Xs and s(s — l)/2 terms of the form 
Apx-^x-2 A vX . A As and so on. In the above definition of the extended gauge field strength 
G a Xl Xs , together with the classical Yang-Mills gauge boson A a , there participate a 
set of higher-rank gauge fields A* Xi , A a ^ XiM , ... , A a ^ Xl Xs up to the rank s + 1. By 
construction the field strength (7) is antisymmetric with respect to its first two indices 
G a ^ v Xl Xs = — G°^ Xl Xs and is totally symmetric with respect to the rest of the indices 

(: "„L.x v .. = (■;„,..x '...\, .. ' where 1 < i < j < s. 

The inhomogeneous extended gauge transformation (2) induces the homogeneous 
gauge transformation of the corresponding field strength (7) of the form [23] 

SG% = gr bc GlC (8) 

sg%* = 9f abc (G b ^ x e + Gia), 

SG^xp = 9f ahc { G^xpC + G^xCp + G^pCx + G h ^ c Xp ) 



or in general 

s 

$G a ^x 1 ...x s = 9f a ^2 G flu x 1 ...x i ^\ i+1 ...x s - (9) 

i=0 P's 

The symmetry properties of the field strength G a Xl x s remain invariant in the course of 
this transformation. The polygauge invariant Lagrangian now can be formulated in the 
form [23] 

1 

4 

= ~E < G%M..* (: U.x .,..x.,}2'l X X ' '/ V - V - , (10) 

^ i=0 p's 



4 



where the sum J2 P runs over & U permutations of indices A1...A2S which correspond to 
nonequal terms. For the low values of s = 0, 1, 2, ... the numerical coefficients 



i\(2s-i)\ 

are: a[j = 1; a\ = l,aj — a\ — 1/2; a\ = 1/2, af = a| = 1/3, ag = a\ = 1/12; and 
so on. In order to describe fixed rank-(s + 1) gauge field one should have at disposal all 
gauge fields up to the rank 2s + 1. In order to make all tensor gauge fields dynamical one 
should add the corresponding kinetic terms. Thus the invariant Lagrangian describing 
dynamical tensor gauge bosons of all ranks has the form 

00 

£ = E 9s£ s (11) 

s=l 

where £\ is the Yang-Mills Lagrangian, £ 2 , £3,... are new invariant forms quadratic in 
field strength tensors (10) and g s are new coupling constants (g± = 1). 

The first three terms of the invariant Lagrangian have the following form [23]: 

£ = £1 + g 2 £2 + 93^3 + ■■■ = -^G%G% + 92{-^G a ^ uX G a ^ x - -G^G^^ } 

I r }_f a (~< a i/^" 1 C* 11 ^_C ia f" 1 if^" 1 f^ - 1 _l 

~ry3\ pu,Xp pu,Xp g pu,XX pu,pp ^ ^,X p,v,Xpp g p\,v pu,XXpp i ' "iK ) 

where the first term is the Yang-Mills Lagrangian and the second and the third ones 
describe the tensor gauge fields A a , A a ^ yX and so on. It is important that: i) the Lagrangian 
does not contain higher derivatives of tensor gauge fields ii) all interactions take place 
through the three- and four-particle exchanges with dimensionless coupling constant g Hi) 
the complete Lagrangian contains all higher-rank tensor gauge fields and should not be 
truncated iv) g s are new coupling constants. 



2 Enhanced Local Gauge Symmetry 

The Lagrangian (10), (11) and (12) is not the most general Lagrangian which can be 
constructed in terms of the above field strength tensors (6) and (7). We shall see that 
there exists a second invariant Lagrangian £ 2 which can be constructed for the second-rank 
nonsymmetric tensor gauge field A® x 7^ A x and that the total Lagrangian is a sum of two 
Lagrangians £2 + £' 2 and exhibits a new enhanced gauge symmetry (17) which allows to 
eliminate all negative norm polarizations of the nonsymmetric second-rank tensor gauge 
field A^. 

The invariance of the Lagrangian 

1 1 

*-2 — ^ pu,X U pu,X ^ pu^ ^u,XX 

in (10), (11) and (12) was demonstrated in [23] by calculating its variation with respect 
to the gauge transformation (1) and (8), (9). Indeed, its variation is equal to zero 

8£>2 = - -G a uu x gf abc {G b A f + f ?) - -gf abc G b u J c G a uu xx 

~ jG a lxv gf ohc (G b IJlvXX i c + 2G b ll/X ^ + G^£aa) = 0. 



5 



But the Lagrangian C 2 is not a unique one, there exist additional Lorentz invariant 
quadratic forms which can be constructed by the corresponding field strength tensors. 
They are 

Calculating the variation of each of these terms with respect to the gauge transformation 
(1) and (8) one can get convinced that a particular linear combination 

111 

L '2 — ^ u nv,X u iiX,v "T ^ fiv,^ n\,X "T 2 tj /i" tj M,i/A 

forms an invariant Lagrangian. Indeed, the variation of the Lagrangian C' 2 under the 
gauge transformation (8) is equal to zero 

+ 7; G %,u9f abc (G b nx,xC + G ixCx) 



"+" ~j9J ^ixvK ^ixX,vX 



+ ^ a i xv93 abc { Gb i ix,vxi c + G \x,vix + + G \xilx) - 0- 

As a result we have two invariant Lagrangians C 2 and £ 2 an d the general Lagrangian is a 
linear combination of these two invariant forms g 2 C 2 + g 2 C 2 , where g 2 and g 2 are arbitrary 
constants. 

Our aim now is to demonstrate that if g 2 = g 2 then we shall have enhanced local gauge 
invariance (17) of the Lagrangian C 2 + C 2 with double number of gauge parameters. This 
allows to eliminate all negative norm states of the nonsymmetric second-rank tensor gauge 
field A^ x ^ A\ , which describes therefore three physical modes: two symmetric polariza- 
tions of helicity-two massless charged tensor gauge bosons and antisymmetric polarization 
of helicity-zero charged B field. 

Indeed let us consider the situation at the linearized level when the gauge coupling 
constant g is equal to zero. The free part of the C 2 Lagrangian 

where the quadratic form in the momentum representation has the form 

H a a'yy(k) ( k 1] a ^ -\- k a kj^T]^, 

is obviously invariant with respect to the gauge transformation SA^ = but it is not 
invariant with respect to the alternative gauge transformations 5A® X = dxr)®. This can 
be seen, for example, from the following relations in momentum representation: 

k a Ha6i^^{k) = 0, kaHadeyyi^) = {k Tj a j k a kj)k-y ^ 0. (14) 

Let us consider now the free part of the second Lagrangian 

'free 1 2 2 



+r) 1 jd a d& 2rj ai d^dx f )A^ — -A^ & H a6i ^A^, (15) 



6 



where 

It is again invariant with respect to the gauge transformation 5A a ^ x = d^ x , but it is not 
invariant with respect to the gauge transformations SA^ = d\i]® as one can see from 
analogous relations 

kaH a&1 ^(k) = 0, k&H a&1 ^{k) = {k 2 r] ai — k a k 7 )k.y ^ 0. (16) 

As it is obvious from (14) and (16), the total Lagrangian £{ ree + £l ree now poses new 
enhanced invariance with respect to the larger, eight parameter, gauge transformations 

5Al x = d^ + d xV Z + ..., (17) 
where and rj® are eight arbitrary functions, because 

ka\H a( ^^ -\- H a ^^) 0, k ( ^( y H a( ^.y^ -\- H a ^^) 0. (18) 
Thus our free part of the Lagrangian is 

r tot f ree - _ _f) A a f) A a 4- -r) A a f) A a 4- 

_|_ -f) A a f) A a — -f) A a A a — -f) A a f) A a _|_ -f) A a f) x A a 

+ \d,A a vv d,Al x - \d,A a vv d x Al x + \d v Al„d x Al x (19) 

or, in equivalent form, it is 

t 1 f 1 1 1 2 

+^(v^d d d 7 + r] &1 d a d^ + r) a& d^ + ?7 7 ^9 a 9 d )}A^ (20) 

and is invariant with respect to the larger gauge transformations 5A a ^ x = d^ x + d\i]^, 
where and 77^ are eight arbitrary functions. In momentum representation the quadratic 
form is 



-^adryy^) ( TjajVtt'y 2^ a 7^*7 2^ QC *^77')^' Vcy^ak-y ~\~ Tj^k a k^ 



2 (.Vct^yk&kry -\- Tj^k a k^ -\- Tj ai ^k^k^ -\- i]jjk a k l ^j . (21) 
In summary, we have the following Lagrangian for the lower-rank tensor gauge fields: 



£ = d + g 2 (£ 2 + £' 2 ) = ~-G%G% (22) 



1 

'4 

+ 92\—-;G a lxvX G a llvX - -G^G^^ + 



I 1 I 
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Let us consider the equations of motion which follow from this Lagrangian for the vector 
gauge field A a v 

V?Gt, + 92{\^tKuM + G 'a,,a + G\^ x ) + gr'A^G^ (23) 



1 

T 



and for the second-rank tensor gauge field A a vX 

+ gf^A^G^ - \gr\A%G\x + A^Gl + A^Gj, + i^G*,) = 0. (24) 
Representing these equations in the form 

a 1 a 

- \(d,F; x , v + fyF^ + d x F^ + V „ x d,F^ p ) = f„x, (25) 

where = d,A a u - d v A^ F^ x = d,A a uX - d v A% F^ Xp = d,A a uXp - d u A^ p , we can 
find the corresponding conserved currents 

3l= - gf^A^-gf^d^Al) 

— ^f^A^G^xx + G c u x^\ + Cam,^a) ~~ 2~dfj.(I'ilu,\\ + -Ca.^a + I\ P ,u\) 

— g 'f abc 'A^G^x + -^g P^iA^xG^v + A^xGxy^ + A^G^^ + A^G^x) 

~ ^r 6c (4AA^ + < A G^ + 4 A ,G^), (26) 

where I^ Xp = 9f abc ( A\ A^ + Al p + A\ p A^ + A b pXp A c u ) and 

3u\ = ~ 9 f abc A^G^x + -^gf^iA^G^x^ + A h p G c x vp + A\G c pvp + VvxA^G^p) 

- 9f abc A b , x G% + \gr b \A\ v G^x + A\p^ v + A\jG\ v + ifc^Gy 

- gr bc d p {A\Alx + A^xAl) + ^/^(A^ + A\ V A\) + 9 M (A A A^ + A^) 

+ 5a(4^ + 4^) + ^ a ^(4^ + 4 p ^)]. (27) 

Thus on mass shell 

« = o, d^ A = 0, 9^ = 0, 

because, as we demonstrated above, the partial derivatives of the l.h.s.'s of the equations 
(25) are equal to zero (see equations (18)). 



8 



At the linearized level, when the gauge coupling constant g is equal to zero, the 
equations of motion (25) for the second-rank tensor gauge fields will take the form 

9 2 (^-^i)-^(^-^y - d x dMi,-\^)+ d ^K,-\ Aa J 

+ lr]»x(d,d p A; p -d 2 A a J=0 (28) 

and, as we shall see below, describe the propagation of massless particles of spin 2 and 
spin 0. Indeed, it is easy to see that our equation reduces to the well known Fierz-Pauli- 
Schwinger-Chang-Singh-Hagen-Fronsdal equation for the symmetric part of the tensor 
gauge fields A a vX 

d 2 A uX - d^A^ - dxdpA^ + d u d x A^ + r]ux{d p d p A pp - d 2 A pp ) = 0, 

which describes the propagation of massless boson with two physical polarizations, the 
A = ±2 helicity states. For the antisymmetric part A a vX the equation reduces to the form 

d 2 A uX - d u d p A pX + d x d,A, u = (29) 

and describes the propagation of massless tensor boson with one physical polarization, 
the A = helicity state. Thus we have seen that the extended gauge symmetry is suf- 
ficient to exclude all negative norm polarizations from the spectrum of the second-rank 
nonsymmetric tensor gauge field A pX . 

Using the gauge invariance (17) we can impose the Lorentz invariant supplementary 
conditions on the second-rank gauge fields A pX : d p A a ^ x = a x , d x A® x = b p , where a x 
and b p are arbitrary functions, or one can suggest alternative supplementary conditions 
in which the quadratic form (19), (20), (21) is diagonal: 

MSa " \d x A^ = 0, d x A^ x - l -d,Al x = 0. (30) 
In this gauge the equation has the form 

d 2 A a uX = (31) 

and in the momentum representation A pu (x) = e pv {k)e tkx from equation (31) it follows 
that k 2 = and we have massless particles. In this gauge we shall get 

and can find the propagator A^(A;) from the equation H^(k)A^ xx (k) = VaxVaX » 
thus ^ 

The corresponding residue can be represented as a sum 

VyXV^ X -\vyyV XX = + \(V^ X + V jX VyX ~ VyyV XX ) + ^(V~tXVj X ~ V lX Vlx) ■ (33) 

The first term describes the A = ±2 helicity states and is represented by the symmetric 
part of the polarization tensor e pX) the second term describes A = helicity state and 
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is represented by its antisymmetric part. When k^ is aligned along the third axis, k^ — 
(k, 0, 0, k), we have two independent polarizations of the helicity-2 and helicity-0 particles 





f o,o, 


0,0 ^ 




( 0,0,0,0 ^ 




/ 0, 0,0,0 \ 


1 


0,1, 


0,0 


e 2 -J- 


0,0,1,0 


e A - J- 


0, 0,1,0 




0,0, 


-1,0 




0,1,0,0 


' v/2 


0,-1,0,0 




V 0,0, 


0,0 J 




V 0,0,0,0 ) 




V o, 0,0,0 / 



(34) 

with the property that e^e^ + e 2 ^e 2 A ~ + V^}Jh\ - V^Vxx) and e ^ e \\ - 

\(y}~i\ r }* i \ ~~ VjxV-yx)- The symbol ~ means that the equation holds up to longitudinal 
terms. 

Thus the general second-rank tensor gauge field with 16 components A^ x describes in 
this theory three physical propagating massless polarizations. 



3 Interaction Vertices 

We are interested now to analyze the interaction properties of the tensor gauge bosons 
prescribed by the gauge principle. The interaction of the Yang-Mills vector bosons with 
the charged tensor gauge bosons is described by the Lagrangian (22) C 2 + C 2 . Let us first 
consider a three-particle interaction vertices - VTT. Explicitly three-linear terms of the 
Lagrangian £ 2 have the form: 

£? Mc = - \gf abc (d,A: x -d u A; x )(AlA: x + Al x A:) 

- \gf abc {d,Al-d v Al)2A b llX Al x , (35) 
and in addition to the standard Yang-Mills VVV three vector boson interaction vertex 

C? Uc = -\gf abc (d,A a v - d v Al)A\Al, 
which in momentum representation has the form 
K%(k,p,q) = -igf^^ip-k^+ri^ik-q^+Ti^q-pU = -igf abc F a ^(k,p,q), (36) 

we have a new three-particle interaction vertex of one vector boson and two tensor gauge 
bosons - VTT. In momentum space it has the form 

VadVy^'P' 9) = -Wf^iVapip ~ *0 7 + V<*r( k ~ + ~ P)«W (37) 

Notice that two parts in (35), which came from different terms of the Lagrangian C 2 , 
combine into the VVV vertex and the tensor rj^- It is convenient to represent the vertex 
in the form 

K%^(k,P, q) = -tgf abc F adt ^(k,p, q). (38) 

We have also a three-particle interaction vertex VTT of one vector boson and two tensor 
gauge bosons in the second Lagrangian £ 2 . Explicitly the three-linear terms of Lagrangian 
C 2 have the form: 
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+ \gf abc {d,Al u - d v Al„) {A^Ali + 4 X A C X ) 
+ \gf abc {d,Al - d„A;) (A^Al, + A^Ai,,), (39) 



2 

so that in momentum space we have 







1 

2 l 






(p 




+ 


(k 




+ 


(? 




+ 


(p 




+ 


(* 




+ 


(? 



? abc F' , n A 



'd/3 



(40) 



Collecting two terms of the three-point vertex VTT together we shall get 

V3#(*,P, ?) = 9) + ^77^ ?)• ( 41 ) 

Let us consider now four-particle interaction terms of the Lagrangian C 2 + C' 2 - We 
have the standard four vector boson interaction vertex WW 

V$i(k,p,q,r) = -9 2 f lac f bd (Va^s-Va8V^) 

-9 2 f lad f lbC (Va^S ~ VayVps) 

_ g 2 f la bflcd{Va ^ s _ (42) 

and a new interaction of two vector and two tensor gauge bosons - the WTT vertex, 

cr ru c= _ 1^/^(4^ + 4 A ^)(4^ A + 4,At) 

- \g 2 t hc f^A\AlA\ x Ai x , (43) 



which in the momentum space will take the form 

ytbal j ] , ^2 jlac jlbd 

_,2 rlad rlbc 



fjubficdl _ ^W.. (44) 



V3^(*,P,?,r)= - 9 2 f lac f lbd (v*^s-V«sV^s 

7<5 

The second part of the vertex WTT comes from the Lagrangian Cl 2 : 

C'r arUc = + \^f^(A^ x + A^At)(AlAl+ A\ V A\) 

+ \g 2 f abc f a HK A i» + K» A i)K A ^+ A U A i) 

+ \g 2 f abc f ai6 AlK{AlAi x + 4,4J, (45) 
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which in the momentum representation will take the form 

Wl^(k,p,q,r) = g 2 f lac f lbd [ + 17^(1^ + 1^) 

g 2 f lad f lbc [ + vafiivjm + vnvss) 

9 2 f lab f lcd [ + VcniVMVst + Vptnv) 

+ VpsiVaSVrt + VajV-ys)}- (46) 

The total vertex is 

K%t cd (K p, q, r) = VXs(k, p, q, r) + V a ff(k, p, q, r). (47) 

4 Third-Rank Tensor Gauge Fields 

The Lagrangian £i J t-g 2 (C2+jC 2 ) contains the third-rank gauge fields A a A , but without the 
corresponding kinetic term. In order to make the fields A® vX dynamical we have added the 
corresponding Lagrangian £ 3 presented at the second line of the formula (12). But again 
the Lagrangian £3 is not the most general invariant which can be constructed from the 
corresponding field strength tensors. There are seven Lorentz invariant quadratic forms 
which form the second invariant Lagrangian £ 3 so that at this level the total Lagrangian 
is a sum 

£ = £1 + g 2 (C 2 + C 2 ) + + g' 3 C 3 + ... 
Indeed, the Lagrangian £ 3 has the form (12): 

1111 

^"3 ^ ^ pv,Xp ^ p,v,Xp g^/ui^AA pv,pp pv,X pv,Xpp g ^ pu^ pu,XXpp i v / 

where the field strength tensors (7) are 

na _ Q acl fj Aa 1 n fabcr Ab ac , Ab ac , aIj ac , Ab 4c , 

^H^Xpa — °p n -uXpa U v A pXpo ^ 9J \ A p ^vXpu ~+~ pX A vpc ~+~ A pp A vXa ~+~ ^i/Ap ~>~ 

_i_4 6 4 C _i_ 4 fe 4 C _i_ 4 b 4 C _i_ 4 6 4 C 1 

' pXp A va ~+~ ^Act ^i/p ~+~ ^^pct ^A ~+~ ^A/xt A v J 

and 

^piy,Xpa8 = ^P^lxpaS ~ ^^pXpaS + df^i ^p ^KxpaS + X! ^pA ^IpaS + 

A^p,cr,5 

+ ^pXp ^-laS + X! ^Aptr A C v& + ^Ap CT <5 ^ }■ 

X,p^a,S X,p,cr<r+8 
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The terms in parenthesis are symmetric over Xpa and Xpad respectively. The Lagrangian 
£ 3 is invariant with respect to the extended gauge transformations (1) of the low-rank 
gauge fields A^, A pu , A puX and of the fourth-rank gauge field (3) 

S^A^p = d^xp - ig[A^ £ vXp ] - ig[A pv , £ Xp ] - ig[A pX , £ vp \ - ig[Ap P , £ uX ] - 
-ig[Ap U \, tp] - ig[A pup , Zx] - ig[Ap\ P , £„] - %g\Ap vXp , i\ 

and also of the fifth-rank tensor gauge field (3) 

^^Ap uXpa = d^vXpcr ~ W[Afj,, £vXpa] ~ W ^ \ A pv , £,Xpa] ~ 

v<->\pcr 

~W Yl i A ^x,^pa]-ig [ A HvXp,£a\ ~ ig[Apu\p,£}, 

vX^pu uXp^a 

where the gauge parameters C, uXp and £, uXpa are totally symmetric rank-3 and rank-4 ten- 
sors. The extended gauge transformation of the higher-rank tensor gauge fields induces 
the gauge transformation of the fields strengths of the form (9) 

^pu,x P a — gf abc ( G b p u Xp(T £ c + G h p u Xp + G h p u Xcr £° + G h pup(T £x + 

\fb pc , /-ib pc _|_ rib pc _|_ rib pc \ 
'ipu ' pu,p SAff ' ^ pu,a SAp ' pv SApcr / 

and 

SG^XpaS = gf ahC ( G b pu,\pa5 C + X! G h pv,\pu & + 

Ap,(T<->(5 

+ X! ^pv^p C<5 + G\v,\ ^pa8 + £,\pa5)- 

Xp^a,S A^p,<T,<5 

Using the above homogeneous transformations for the field strength tensors one can 
demonstrate the invariance of the Lagrangian C 3 with respect to the extended gauge 
transformations (8), (49) and (49) (see reference [23] for details). 

Our purpose now is to present a second invariant Lagrangian which can be constructed 
in terms of the above field strength tensors. Let us consider the following seven Lorentz 
invariant quadratic forms which can be constructed by the corresponding field strength 
tensors 

ria ria ria ria ria ria ria ria 

p,i/,\p (j pX,vpi *- T pu,uX^ pp,pXi pv,vX pX,ppi pv,X pX,vppi 

ria ria ria ria ria ria ( AQ\ 

^ pu,X^ pp,uXpi ^ pu,u^ pX,Xppi " pv^" pX,uX PP ' V / 

Calculating the variation of each of these terms with respect to the gauge transformation 
(8), (49) and (49) one can get convinced that the particular linear combination 

^3 ^ piVjXp^-* p,X,vp ~r pu,uX^ pp, P X ' ^ p.UjuX^-' p,X,pp 

' p,i/,X p,X,vpp ' 2 p,v,\ pp,vXp ' pv,u^" pX,Xpp ' pv^" pX,vXpp V / 

forms an invariant Lagrangian. Indeed, the variation of the first term is 

cabcria rib /-c i n „ rabc/-ia /-ib tc \ n „ rabc/-<a /-ib 



°i (j pu,Xp Lr ^P ~ Z 9J L, p,u,Xp Lr p,X,Ap + Z gJ ^ pu,Xp^ pX.p^v + Z gJ ^p^Xp^pX^, 



vpi 
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of the second term is 



r ria ria r\ fabcria rib tc , n fabcria rib tc , 9 fabcria rib re 

°£ U pv,vX^ pp,pX — Z 9J ^ pu,uX^ pp,p^X "T Z 9J ^ pv,vX^ pp,xS,p "T Z 9J U pu,uX^ pp^pXi 

of the third term is 

r ria ria n fabcria rib tc , fabcria rib £C 1 fabcria rib tc , 

pu^uX^ pX,pp — Z 9J u pv,isX u pX,p^p "T 9 J u pu,vX^ pX<ipp "T 9 J ^ pX^pp^ pu,v^X 

1 fabcria rib « , fabcria rib c c 
~V~9J ^ pX,pp U pv,X^v "T 9 J ^ pX,pp U pv^vXi 

of the forth term is 

r /oa /^ya fabcria rib c c . q fabcria rib tc 1 _ fabcria rib c c . 

°Z LT pv,X Lr pX,vpp — 9 J ^pX^pp^pv^X + Z fl7 ^^.i/pVA + 57 ^ pX,pp^ pv,X^>v "T 

1 „ fabcria rib c c 1 1^ fabcria rib c c 1 ^ fabcria rib <-c 
+9 J ^pu^pX^pp + ^57 ^nv^fiX^vp + 57 U pv,X U pX^vppi 

of the fifth term is 



pv,X^ pp,vXp 



fabcria rib C c \ rt fabcrib ria tc , fabcrib ria £C , fabcrib ria £C , 

57 u pp,vXp^ /uiAA "T 57 u pp,vX u pv,X$p "T 57 u PP,vp^ pv,X$X "T 57 ^ pp,Xp^ pv,X$,v "T 

1 fabcria rib tc 1 fabcria rib /-c 1 fabcria rib tc 1 fabcria rib re 
~r9J pu,X u pp,u^Xp "T 57 ^ pv,X^ pp,X^,vp "T 57 ^ pv,X^ pp,p^vX "T 57 ^ pv,X^ pp^vXpi 

of the sixth term is 



°€ L V^ Lj A t A,App 



fabcria rib cc 1 9 fabcrib ria cc , fabcrib ria c c 1 fabcrib ria cc 1 

57 ^ px,x PP u pvKv + z 57 ^ px,x P ^ ^,vK p + 5/ ^ px^ pv, v Kx + 5/ ^ px,x^ pv,vK pp + 

i 9 _ fabcrib ria cc i _ fabcria rib c c 
+ Z 9J t> pX,p U pu^Xp + 91 ^ pu^ pxKxpp 



and finally of the seventh term is 

c <^-ya /ia 

£ PjV^-* pX,uXpp 

9 fabcria rib cc , fabcria rib c c _j_ ^ fabcria rib C c A_ r, fabcria rib c c i 

z yj ^pv^px^xp^p + y/ ^pv^px^upp^x + y/ u pu^ px,x P p^u + y/ u pu u px,ux^p P + 

o rabcria rib cc _j_ n ,. fabcria rib c c _|_ „ fabcria rib c c _L 

z yJ ^pu^px^up^xp + z y/ ^pu^px^up + y/ u pv u px, PP Svx + 

fabcria rib cc \ „ fabcria rib c c j_ fabcria rib cc \ n fabcria rib c c 

9 J ^pu^px^xpp "I" y/ ^ px,xS,vpp "I" z yJ ^ px,pS,vXp y/ u px^vXpp- 

Some of the terms here are equal to zero, like: gf^G^G^ ^up, 9f abc G a ^ x G b ^X c pp and 
gj abc G a llv G h x ^ c vXpp . Amazingly all nonzero terms cancel each other. 

In general one should construct all invariant quadratic forms for all tensor gauge fields. 
A regular way of construction of a// invariant Lagrangians at every level is not known to 
the author, with exception of the case of infinite series of particular invariants presented 
in [23] by the formulas (10) and (11). 



5 Extended Polygauge Groups 

We have three possible extensions of the Yang-Mills gauge group. The first extension was 
defined by the equations (1) and (2). It allows definition of field strength tensors (6) and 
(7) transforming homogeneously with respect to the extended gauge transformation (8) 
and (9). 
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The second extension was also denned in [23] for the higher-rank tensor fields Ax 1 ...\ a 
which are totally symmetric tensors. In that case the gauge transformation (1), (2) should 
be modified in order to respect the symmetry properties of the tensor fields. Therefore 
the extended gauge transformation (1), (2) was symmetrized over all indices as follows: 



6AI = (5 a % + gr b A c X, 



(II) ~SA% = (S a % + gr b A;)C + gf acb A^e, 



SA^ = (6°% + gf acb A c Xx + 9f acb (A c ^l + A^), (51) 



where 

(g% + 9f acb A c X = (S a % + gf acb AX»+(S ab dv + gf acb A c X 

ac pb _ ac pb i Ac pb i Ac pb 

and so on. One should also require that the gauge parameters £ai...a s are totally symmetric 
tensors. For example, in a matrix notation, we have 

~5(.A^ = d^ v - ig[A^ + d v ^ - ig[A v , - ig[A^, £]. 

The commutator of the above gauge transformations acting on a rank-s tensor is again a 
gauge transformation 

[5 V , 5^}A Xl ...x s = -ig 5(A Xl ...\., (52) 

and the gauge parameters form the same algebra as before (5). Therefore we concluded 
that the symmetrized gauge transformations also form a closed algebraic structure [23]. 

The third extension of the gauge transformations with double number of gauge pa- 
rameters can be defined as follows: 



= (5 a % + gf acb A^e, 
(III) 6<A%, = (5 a % + gf acb A c X + gr*A%£>, 

5 V A^ = {S*d v + gf^AZ)rfr + gr*Al v Ti b , (53) 



and also forms a closed algebraic structure. 



6 Conclusion 

The transformations considered in the previous sections enlarge the original algebra of 
Abelian local gauge transformations found in [61] (expression (64) in [61]) to a non- 
Abelian case and unify into one multiplet particles with arbitrary spins and with linearly 
growing multiplicity. As we have seen, this leads to a natural generalization of the Yang- 
Mills theory. The extended non-Abelian gauge transformations defined for the tensor 
gauge fields led to the construction of the appropriate field strength tensors and of the 
invariant Lagrangians. The proposed extension may lead to a natural inclusion of the 
standard theory of fundamental forces into a larger theory in which standard particles 
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(vector gauge bosons, leptons and quarks) represent a low-spin subgroup of an enlarged 
family of particles with higher spins. 

As an example of an extended gauge field theory with infinite many gauge fields, this 
theory can be associated with the field theory of the tensionless strings, because in our 
generalization of the non-Abelian Yang-Mills theory we essentially used the symmetry 
group which appears as symmetry of the ground state wave function of the tensionless 
strings [61, 60, 62]. Nevertheless I do not know how to derive it directly from tensionless 
strings, therefore one can not claim that they are indeed identical. The main reason 
is that the above construction, which is purely field-theoretical, has a great advantage 
of being well defined on and off the mass-shell, while the string-theoretical constructions 
have not been yet developed to the same level, because the corresponding vertex operators 
are well defined only on the mass-shell [62]. The tensor gauge field theory could probably 
be a genuine tensionless string field theory because of the common symmetry group, and 
it would be useful to understand, whether the string theory can fully reproduce this 
result. Discussion of the tensionless strings and related questions can also be found in 
[63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80]. 

This work was partially supported by the EEC Grant no. HPRN-CT-1999-00161 and 
EEC Grant no. MRTN-CT-2004-005616. 
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